We propose a novel perturbation scheme to perform the linear stability analysis of stationary transonic integral accretion solutions corresponding to the hydrodynamic non self-gravitating radial flow of matter in a general static black hole spacetime. We demonstrate that a metric independent perturbation scheme can be developed, which leads to the emergence of the relativistic acoustic geometry and ensures the stability of the background stationary solutions. The acoustic metric obtained by perturbing the mass accretion rate rate is found to be identical with that obtained through the perturbation of the velocity potential. Our work thus makes a crucial connection between two apparently disjoint fields of study -accretion astrophysics and analogue gravity phenomena. We also formally prove that acoustic horizons never form in the Rindler spacetime. 
A. Introduction
Investigation of the accretion process helps for observational identification of the black hole candidates [1, 2] . Stationary integral solutions of hydrodynamic transonic accretion onto astrophysical black holes are of great importance in identifying the observational signature of such compact objects through the construction of the emergent spectra. However, since transient phenomena are not quite uncommon in large scale astrophysical set up, it is sometimes necessary to ensure that the stationary accretion solutions remain stable under perturbation, at least for astrophysically relevant time scales [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . We plan to accomplish such task by performing a linear stability analysis of general relativistic black hole accretion within the framework of a metric independent formalism. We consider hydrodynamic non self-gravitating accretion and develop a linear perturbation scheme to study whether the amplitude of the perturbation diverges with time. The present paper is the first work of a series devoted to such studies. In this work we study the radial accretion flow in a static spacetime in general and demonstrate explicitly our results for two specific cases, namely the Schwarzschild and the Rindler spacetime. In our next set of works we plan to investigate the axially symmetric matter flow for various representative black hole spacetimes -with and without the intrinsic spin angular momentum. Some preliminary results in that direction (axisymmetric flow in static spherically symmetric spacetime) has been reported elsewhere [13] . * We demonstrate that the propagation of the aforementioned linear perturbation is described by an acoustic metric and hence accreting black hole can be considered as a natural example of classical analogue gravity phenomena. In recent years, such connection between the black hole accretion and analogue effects has been established by studying the stationary accretion solutions [14] [15] [16] [17] [18] [19] [20] . In the present paper, we show how the analogue emerges out as a consequence of the perturbation analysis of such stationary solutions.
As of now, the acoustic metric for classical fluid configurations have been obtained by perturbing the corresponding velocity potential (of the bulk fluid velocity) for irrotational ideal fluids in general spacetimes [21] [22] [23] [24] , see also [25] for a comprehensive review on this issue. Here we rather obtain the acoustic metric for general relativistic accretion flow by perturbing a more physically realizable and astrophysically relevant (also, observationally measurable) entity -the mass accretion rate. We also demonstrate that the inherent structure of the acoustic geometry remains invariant irrespective of the way of perturbation. In other words, the acoustic metric and the corresponding line elements remains the same irrespective of whether they are obtained by perturbing the velocity potential or the mass accretion rate. This conclusion holds, as we will show in our forthcoming papers, for axisymmetric flow in arbitrary metric as well. The density and the velocity field of the background matter configuration are interlinked through the mass accretion rate. Hence the perturbation of the accretion rate provides a more physically realizable stability analysis scheme.
In subsequent sections, we formulate the perturbation analysis scheme to calculate the acoustic metric for a general static spacetime for radial flow and also address the stability issues. Based on this, we then demonstrate some specific results for the Schwarzschild and the Rindler spacetime.
We shall use mostly positive signature for the metric, and will set c = 1 = G throughout.
B. The basic constructions
Let us start by considering a general ansatz for the metric for a static spacetime
where the metric functions can depend not only on r, but also on θ and φ. Such a metric can be relevant in the vicinity of, for example, a static assemblage of gravitating stellar objects, which need not be spherically or axisymmetric.
We assume a perfect fluid with the energy-momentum tensor
where ǫ is the energy density, p is the pressure and v µ is the fluid's four-velocity which is normalized as, v µ v µ = −1. We shall assume here that the only non-vanishing spatial part of v µ to be the radial component, v. Then the normalization condition yields
To study the flow dynamics, we need a set of basic equations -the equation of state and the equations of continuity and energy-momentum conservation. We shall ignore the backreaction of the fluid on the spacetime metric. a. Equation of state. -We assume that the fluid satisfies the equation of state of an ideal gas under adiabatic conditions, i.e. a barotropic equation of state, p = kρ γ , where ρ is the fluid density and γ is the polytropic index. Another relevant thermodynamic quantity is the specific enthalpy, h = ǫ + p ρ , so that
where T is the temperature of the fluid. Under isoentropic conditions, we can define the speed of the sound, c s ,
b. Continuity equation. -This equation ensures mass conservation and is given as ∇ µ (ρv µ ) = 0. Since presently we are only interested in the radial motion, this can be rewritten as
c. The energy-momentum conservation equation. -The conservation equation for the energy-momentum tensor is
With the help of the continuity equation and the thermodynamic relation stated above, Eq. (7) can be recast as
As v θ and v φ are vanishing, the only relevant Christoffel connections are
For ν = t, we get the energy conservation equation
Similarly, ν = r gives the radial Euler equation which ensures momentum conservation in radial direction
For convenience, using the normalization condition we manipulate the above equation to get
g rr ∂ r ρ = 0. (12) d. Stationary Solutions.
-We now look into the stationary solutions, i.e. by setting the time derivatives to zero. Integrating the spatial part of continuity equation gives
where Ω is a geometrical factor that appears due to integration over the volume. For radial flow in spherically symmetric spacetime, one has Ω = 4π. The subscript '0' corresponds to the stationary value. The constant on the right hand side of the above equation is defined as the mass accretion rate and the negative sign conventionally signifies the infall of the matter. Since Ω is merely a constant, it can be absorbed on the right hand side of Eq. (13) to redefine the mass accretion rate. So, without any loss of generality, henceforth we shall suppress Ω and shall simply take the mass accretion rate to be
When the time derivatives in the energy conservation equation, Eq. (10), are set to zero, we find
where E is a constant along the fluid trajectory and may be identified as the specific energy. Similarly setting the time derivatives in the radial equation, Eq. (12), to zero gives
(15) For convenience it is customary to move from local rest frame to comoving frame of the fluid, in which let us denote the radial velocity by u. Let us define
By substituting the above into Eq.s (13), (15), stationary solutions which were initially a function of v can now be expressed in terms of u. Considering the radial derivative of Eq. (13) and using it into Eq. (15), we find
. (17) Thus the denominator vanishes when u 
). Hence the solutions are transonic. The flow encounters a sonic or acoustic horizon, say at r h , at which the speed of the flow is equal to the sound speed. To make du0 dr finite at the sonic horizon, we simultaneously set the numerator to zero as well, which gives the velocity or the sound speed there,
where the subscript h corresponds to the sonic horizon.
C. The acoustic metric and stability of stationary solutions
It is necessary to check the stability of the stationary solutions obtained. The mass accretion rate involves both density and radial velocity, hence perturbing it would convey sufficient information about the stability of both the quantities. Therefore, we perturb the radial velocity, density and accretion rate around the background stationary solutions,
Let us now define a variable Ψ = ρv √ −g, so that its stationary value corresponds to Ψ 0 , defined in subsection d. Then from the above equation we have up to linear order,
Substituting for the perturbed quantities into Eq. (6), we have
where
g tt . Using Eq.s (21) and (22), one can express the derivatives of ρ ′ and v ′ solely in terms of Ψ ′ ,
Substituting for the perturbed quantities in the radial equation, Eq. (12) and using Eq. (15) gives
(25) Taking the time derivative of the above equation and substituting for the time derivatives of ρ ′ and v ′ from Eq.s (23) , (24), we obtain
so that now we can define the symmetric tensor
The above equation looks similar to the equation of motion for a massless scalar field given by the d'Alembertian,
provided we can write
where G = det(f µν ) and is given by
Finally, G µν is found to be
This metric is the same as obtained via the perturbation of velocity potential in [24] provided we take its relevant 2 × 2 part, with the opposite sign convention for the metric. Note that it may apparently seem that the metric in [24] has a different conformal factor than ours, but it can be easily checked that if we throughout work in two spacetime dimensions, their metric coincide with ours. The apparent mismatch is due to the fact that the overall conformal factor comes from the determinant of f µν , which is dependent on the spacetime dimensions.
This assures that the acoustic metric is independent of the two ways of perturbation. For non-relativistic case this equality was demonstrated earlier in [9] , and we have demonstrated here that this holds true for general relativistic case as well. Since the velocity potential and the mass accretion rate are apparently two very distinct quantities, the result we have obtained here is far from obvious a priori.
for subsonic flows, G tt < 0 outside the sonic horizon, and changes sign beyond that.
Once obtained the acoustic metric, one can study the acoustic geometrical properties by defining notions of acoustic event horizon, acoustic apparent horizon, ergosphere, surface gravity and so on. We shall not go into details of this here, referring our reader to [24] for this.
Having found the perturbation equation and the acoustic metric, it is worthwhile to briefly address the stability issues, which are of chief importance in astrophysical scenarios. Clearly, if we can demonstrate the stability of the mass accretion rate, it would eventually also imply the stability of the intrinsic acoustic manifold. As it will be clear from the discussions below, apart from its importance in its own right, the acoustic metric helps us to study the stability properties in a very convenient way.
e. Solutions of the wave equation. -It is reasonable to assume that the flow is subsonic at large distance from the gravitating source. Now, all the solutions except for one remains subsonic throughout the flow, the exception being the Bondi solution [26] . This solution goes through a sonic point described as a spherical surface where the flow velocity is equal to the sound speed and at the smaller radii the flow becomes supersonic. This cannot be smoothly matched on to a stellar surface for obvious reasons that the flow cannot be supersonic at the stellar surface. But one can address this issue by considering discontinuous flows containing a standing shock. Through a shock, which in principle can occur anywhere between the sonic point and the stellar surface, a supersonic flow becomes subsonic and now the flow can be matched on to the hard stellar surface. So we basically deal with three kinds of solutions: solutions that are subsonic everywhere, smooth Bondi solution, which is an apt solution for black ho le accretion and lastly the shocked solution which is subsonic everywhere except between the sonic point and the shock [5] .
Let us start studying the stability analysis by assuming a trial wave solution
and substitute into Eq. (27) to get
With this equation, we shall study the stability properties of both standing and traveling waves.
f. Standing wave analysis. -Standing waves require the perturbation to vanish at the boundaries (two different radii) at all times. The outer boundary can be at very large radius, like the radius of the cloud surrounding a compact object from which matter is accreting onto that. The inner boundary can be the surface of the object itself. If the compact object is a black hole, then the unperturbed flow is described by the Bondi solutions and there is no physical mechanism to constrain the flow in the supersonic region to have vanishing perturbations, which is mandatory to have standing waves. If on the other hand, the compact object is a neutron star, then its surface must be separated from the possible supersonic flow region by a shock and hence it would be a discontinuous flow. Since the standing wave analysis rely on the continuity of the solution, among the three possi-ble solutions we described in the last subsection, we thus have to restrict ourselves to completely subsonic flows for the standing wa ves.
Hence we choose two boundaries at r 1 and r 2 such that p ω (r 1 ) = 0 = p ω (r 2 ), and we consider the properties of standing wave in the region between these boundaries, i.e. r 1 ≤ r ≤ r 2 . Multiplying Eq. (32) with p ω (r) and integrating we find
which clearly looks like a quadratic equation Aω 2 +Biω+ C = 0. Using p ω (r 1 ) = 0 = p ω (r 2 ), we have B = 0, so that
It is easy to see that the denominator stays positive. So the solutions of ω depend only on the sign of f rr . For subsonic flows,
and we have f rr < 0.
As we constrained ourselves to subsonic solutions in this analysis, ω 2 is always positive and two real roots exist. Therefore the stationary solutions are stable. In fact this shows the advantage of using an acoustic metric to make the study on stability analysis. It makes things much easier to handle with.
g. Traveling wave analysis. -To analyze the traveling waves, we need those with high frequency propagating to large distances. We take trial series solution as in the Newtonian gravity [5] p ω (r) = exp
We substitute this into Eq. (32) and set the leading coefficients of individual powers of the frequency ω to zero. For example, the coefficients of ω 2 and ω give respectively,
It is clear from Eq.s (31) and (35) that k 0 contributes to the amplitude of Ψ ′ . It can be explicitly checked that k −1 is purely imaginary. If we assume that the k i 's never blow up, the leading behaviour of the amplitude of Ψ ′ in the high frequency approximation we are using is given by
We shall now study below two explicit examples, the Schwarzschild and the Rindler spacetime.
D. Explicit examples
h. The Schwarzschild spacetime. -The metric of the Schwarzschild spacetime formally looks like Eq. (1), with
We shall state the explicit results below, based on our general analysis made in the foregoing sections.
We can obtain du0 dr by just substituting for the metric elements into Eq. (17) to get
where we have made the customary scaling r → r M . For r > 2, the denominator of the above expression vanishes when u 2 0 = c 2 s0 , i.e. at the sonic horizon, say r h . Eq. (18) , which gives the fluid or sound speed at the sonic horizon yields for this case,
These results were earlier derived in [14] , thereby confirming our result for the general metric.
We shall now outline the result for the acoustic metric and the stability analysis.
The expressions for the tensor f µν and the acoustic metric G µν are respectively given by,
and
Considering the non-relativistic limit, f ≈ 1, v 2 0 ≪ 1 and c 2 s0 ≪ 1, the acoustic metric simplifies to
obtained earlier in [23] , using the velocity potential perturbation, provided we work throughout in two spacetime dimensions, as discussed earlier in Section C.
As we have discussed in the last section that the standing waves are stable for a general static metric, the same holds for the Schwarzschild spacetime also.
We shall now discuss very briefly the traveling waves.
Eq.s (36) become for the Schwarzschild spacetime
In the asymptotic limit, we get k −1 ∼ r, k 0 ∼ ln r and an estimation gives k 1 ∼ r −1 . Since ω ≫ 1 we can see that ωr ≫ ln r ≫ ω r , hence the power series (35) converges in the asymptotic region.
Then Eq. (37) gives
which is the same as that derived earlier in [9] , and we have rederived it using the acoustic metric. Clearly, since f ≤ 1, the effect of general relativity seems to decrease the amplitude, in comparison to that of flat spacetime with given values of v 0 and c s0 .
i. The Rindler spacetime. -Let us now consider another interesting example of a static spacetime, the Rindler spacetime. A uniformly accelerating observer in Minkowski spacetime could be described by Rindler coordinates,
where a represents the uniform acceleration of the observer and is a constant. The surface x = 0 is a Killing horizon, like the black hole horizon and is known as the Rindler horizon. We shall consider accretion flow along x direction. With g tt = a 2 x 2 and g rr ≡ g xx = 1 we get the acoustic metric
Before we calculate the expression for du0 dx for the Rindler metric, we shall evaluate the same for the Schwarzschild black hole spacetime in its near horizon limit. The reason behind this will be clear from the discussions below.
As r → 2M , the Schwarzschild metric can be written as
where we have defined 2M (r − 2M ) = x 2 . The 't − r' part now looks alike Eq. (43) with the identification : [28] . Let us now compute the expression for du0 dx for the Schwarzschild metric in the near horizon limit. Using Eq.s (44) and (17), we find
Using Eq.s (16) and the normalization condition v µ v µ = −1, it is easy to find that u 0 → 1 in the near horizon limit, which can be understood as the fact that the black hole horizon is a null hypersurface. Now, between ultrarelativistic and non-relativistic limits the adiabatic constant γ appearing in the equation of state ranges from Then it is clear that we can never have a sonic horizon on the black hole event horizon, x = 0, because otherwise from Eq. (45) we must have c there. But we have argued that u 0 can reach the speed of light only when x → 0, and c s0 < 1 always. Putting these all in together, we reach at an interesting conclusion : there can be no sonic horizon in the Rindler spacetime. Clearly, on the Rindler horizon Eq. (46) holds as well.
E. Discussions
In this paper we have considered the propagation of general relativistic linear acoustic perturbation for an ideal fluid in static spacetimes. We have confined our attention only to radial flow and have ignored backreaction. We have dealt with the mass accretion rate in our perturbation scheme. The reason is that it is a physically measurable quantity and it contains information about both the density and radial velocity of the fluid.
We have discussed the stability issues of such perturbation and have demonstrated that the stationary solutions obtained are stable in linear perturbation. In particular, we have shown that the linear perturbation of the mass accretion rate leads to an acoustic metric identical to that of one gets via the perturbation of the velocity potential [24] of the fluid. This result is by no means obvious a priori, since the accretion rate is qualitatively and quantitatively quite different from the velocity potential. We have thus demonstrated that the acoustic metric is independent of the two scheme of perturbation, and thereby confirming the physical nature of the acoustic metric. The derivation of the acoustic metric described in Section C is valid for quite general static spacetimes, Eq. (1), and later we discussed the specific examples of the Schwarzschild and the Rindler spacetimes. For the Rindler spacetime, in particular, we have shown that there can be no so nic horizon. We have also discussed that apart from its own right, the acoustic metric provides us a very convenient way to address the issues of perturbative stability of the stationary states of accretion, which is one of the chief interesting object to study in astrophysics.
Generalizations of these results for axisymmetric flow and stationary axisymmetric spacetime seems highly interesting, which we hope to address soon in subsequent papers.
